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Abstract
Let K be any field and G be a finite subgroup of GLn(K). Then G acts on the rational function
field K(x1, x2, . . . , xn) by K-automorphisms defined by σ · xj =
∑
1in aij xi if σ = (aij ) ∈ G. Let
K(x1, . . . , xn)G = {f ∈ K(x1, . . . , xn): σ · f = f for any σ ∈ G} be the fixed field. Miyata shows that
K(x1, . . . , xn)G is rational (i.e. purely transcendental) over K provided that G consists of upper triangular
matrices. We will show that, in this situation, a transcendence basis f1, . . . , fn for K(x1, . . . , xn)G can
be choosen with each fi being a polynomial in K[x1, . . . , xn]. In fact, this theorem follows from a more
general result.
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1. Introduction
Let K be any field and G be a finite subgroup of GLn(K). Then G acts on the rational function
field K(x1, x2, . . . , xn) by K-automorphisms defined by σ ·xj =∑1in aij xi if σ = (aij ) ∈ G.
Let K(x1, . . . , xn)G = {f ∈ K(x1, . . . , xn): σ ·f = f for any σ ∈ G} be the fixed field. Noether’s
problem asks whether K(x1, . . . , xn)G is rational (i.e. purely transcendental) over K .
If G consists of diagonal matrices, E. Fischer shows that K(x1, . . . , xn)G is actually rational
over K [Fi]. If G consists of upper triangular matrices, T. Miyata proves the same conclu-
sion [Mi].
Note that the actions of G induce not only K-automorphisms on the field K(x1, . . . , xn), but
also on the polynomial ring K[x1, . . . , xn]. Thus it is natural to ask whether there are polynomi-
E-mail address: kang@math.ntu.edu.tw.0021-8693/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2006.03.037
846 M.-c. Kang / Journal of Algebra 302 (2006) 845–847als f1, . . . , fn ∈ K[x1, . . . , xn] such that K(x1, . . . , xn)G = K(f1, . . . , fn). Be careful that this
question is not the same as asking whether the ring of invariants K[x1, . . . , xn]G is equal to
K[f1, . . . , fn], which may be answered simply by applying Chevalley–Shephard–Todd’s Theo-
rem [Sp, Theorem 4.2.5].
The above question was solved first by A. Charnow for the case when G consists of diagonal
matrices [Ch]. In this article we will generalize Charnow’s Theorem to the case when G consists
of upper triangular matrices. This result is, in fact, a special case of the following theorem.
Theorem. Let K be any field and G be a finite group of K-automorphisms acting on the poly-
nomial ring K[x1, . . . , xn] defined by σ · xi = ai(σ )xi + bi(σ ) for any σ ∈ G, any 1  i  n
where ai(σ ), bi(σ ) ∈ K[x1, . . . , xi−1] with ai(σ ) = 0. Then there exist polynomials f1, . . . , fn ∈
K[x1, . . . , xn]G such that K(x1, . . . , xn)G = K(f1, . . . , fn).
We remark that a similar result as the above theorem but with an additional assumption about
unramifiedness was previously proved in [HK, Theorem 6].
2. Proof of the theorem
We prove a lemma first.
Lemma. Let L be a field and G be a finite group acting on L(x), the rational function field of
one variable over L. Assume that
(i) for any σ ∈ G, σ(L) ⊂ L;
(ii) for any σ ∈ G, σ · x = a(σ ) · x + b(σ )
where a(σ ), b(σ ) ∈ L with a(σ ) = 0. Then there exists f (x) ∈ L[x]G \ L such that L(x)G =
LG(f (x)). Moreover, degf = min{degh(x): h(x) ∈ L[x]G \ L}, and L(x)G = LG(g(x)) for
any g(x) ∈ L[x]G satisfying degg = degf .
Proof. For the existence of such a polynomial f (x), see [AHK, Theorem 3.1].
Let h(x) ∈ L[x]G \L. We will prove that degh degf . Note that h(x) ∈ LG(f (x))∩L[x] ⊂
L(f (x))∩L[x]. Since L[x] is integral over L[f (x)], it follows that h(x) is integral over L[f (x)].
On the other hand, h(x) ∈ L(f (x)) and L[f (x)] is integrally closed. Thus h(x) ∈ L[f (x)].
Hence the result.
Let g(x) ∈ L[x]G with degg = degf . We will show that g = λf for some λ ∈ LG \ 0. By
the division algorithm, write g = λ · f + h where λ ∈ L and h ∈ L[x] with degh < degf . For
any σ ∈ G, apply σ and get σ(g) = σ(λ) · σ(f ) + σ(h). Since f and g are fixed elements, we
get (σ (λ) − λ)f = h − σ(h). Compare the degrees of both sides. We find that λ and h are fixed
elements. Since degh < degf and h ∈ L[x]G, it follows that h = 0. 
Now we will prove the theorem.
We will proceed by induction on n.
If n = 1, then G is a cyclic group, say, of order m. Then K[x1]G = K[xm1 ].
Suppose n  2. Apply the lemma with L = K(x1, . . . , xn−1) and x = xn. Then
K(x1, . . . , xn)G = LG(g(x)) and LG = K(x1, . . . , xn−1)G = K(f1, . . . , fn−1) for some
fi ∈ K[x1, . . . , xn−1]G by induction.
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Multiplying the denominator and the numerator simultaneously by
∏
σ =1 σ(b), we get
g(x) = f (x)/c where both c and f (x) are fixed elements, c ∈ K[x1, . . . , xn−1] and f (x) ∈
K[x1, . . . , xn]. This f (x) is the fn for which we are searching.
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